Self-energy anomaly of an electric pointlike dipole in three-dimensional static 

spacetimes 
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We calculate the self-energy anomaly of a pointlike electric dipole located in a static (2 + 1)- 
dimensional curved spacetime. The energy functional for this problem is invariant under an infinite- 
dimensional (gauge) group of transformations parameterized by one scalar function of two variables. 
We demonstrate that the problem of the calculation of the self-energy anomaly for a pointlike 
dipole can be reduced to the calculation of quantum fluctuations of an effective two-dimensional 
Euclidean quantum field theory. We reduced the problem in question to the calculation of the 
conformal anomaly of an effective scalar field in two dimensions and obtained an explicit expression 
for the self-energy anomaly of an electric dipole in an asymptotically flat, regular (2 + l)-dimensional 
spacetime which may have electrically neutral black-hole-like metrics with regular Killing horizon. 
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I. INTRODUCTION 

Recently, it was demonstrated that the problem of the 
sclf-cncrgy of pointlike scalar and electric charges in a 
D-dimcnsional static gravitational field can be reduced 
to the problem of calculation of vacuum fluctuations of a 
scalar field in the effective (D-l)-Euclidcan quantum field 
theory. This theory, besides a dynamical scalar field tp 
includes (D-l)-dimensional metric g ab and a dilaton field 
a, which is related to the gu component of the metric 
of the original theory. In our previous papers [l], [|[ we 
showed that energy possesses the property of gauge in- 
variance with respect to joint transformations of tp, g a b, 
and a. Standard rcgularizations, required to make the 
self-energy finite, break this invariance. As a result, the 
renormalized expression for the self-energy for pointlike 
charges acquires an anomaly. This anomalous contri- 
bution vanishes for even D and it is nontrivial in odd- 
dimensional spacetimes. This anomaly was calculated 
and discussed in [H, ■ Using this approach we general- 
ized the earlier obtained results 3 6] for the self-energy 
of charges in the background of static black holes. 

In this paper we apply the proposed method to the 
calculation of self-energy of pointlike electric dipoles. In 
three-dimensional spacetime the self-energy of an electric 
monopole has logarithmic divergency at the spatial infin- 
ity. In the case of compact manifolds it results in strong 
dependence on the boundary conditions. The anoma- 
lous term is local and can be calculated, but it is not 
very interesting because it boils down to the effective 2D 
"cosmological constant" correction. It does not lead to 
non-trivial self-forces dependent on the space curvature. 

On the other hand, the self-energy of a pointlike dipole 
in three dimensions is infrared (IR) finite and is of the 
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order of p 2 /e 2 , where p is the electric dipole moment of 
a pointlikc particle and e is the characteristic size of the 
particle. The self-energy anomaly of a dipole also appears 
in odd-dimensional spacetimes. In the case of a dipole in 
three dimensions the anomaly proves to depend on the 
scalar curvature of a t = const spatial section. The spe- 
cific properties of (2 + l)-dimensional spacetime allow us 
to calculate the self-energy anomaly of dipoles explicitly 
for an arbitrary static spacetime. Here we shall consider 
regular, asymptotically flat spacetimes which may admit 
electrically neutral black-hole-like metrics with regular 
Killing horizon. 

An effective three-dimensional electrodynamics often 
appears in condensed matter systems. The effective 3D 
Maxwell equations describe, for example, the dynam- 
ics of vortices on the films of supcrfluid 4 He (see, e.g. 
0, Q). Usually the effective spatial geometry, which 
appears in these systems, docs not obey the Einstein 
equations. Therefore, it's important to calculate the self- 
energy anomaly in arbitrary (2+l)-dimensional static ge- 
ometries. 

In the present paper we use the system of units where 
G = c = 1 and the sign conventions for the metric and 
other geometrical quantities adopted in the books 0, ■ 



II. SELF-ENERGY OF AN ELECTRIC 
POINTLIKE DIPOLE IN A STATIC SPACETIME 

A metric of a static 3-dimensional spacetime can be 
written in the following form: 



ds 2 



-a 2 dt 2 + g ab dx a dx b , 



(2.1) 
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where a and g a b are functions of the spatial coordinates 
x a ,a = 1,2. The 2-dimensional spatial metric g a b, at 
least locally, can always be written in the conformally 
flat form 



gab — gab ■ 



(2.2) 
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where g a b is the metric of a flat two-dimensional space. 
In Cartesian coordinates it reads 



S a 



b ■ 



(2.3) 



To construct 3-current of a pointlike electric dipole, let us 
consider two pointlike electric charges — q and q located 
at the points Xq and x", respectively. The 3-current of 
this charge configuration is 



J" Or) 



q[5 2 (x — xi) — 6 2 (x — x )' 
a{x)y/g(x) 



o • 



(2.4) 



where 5 2 {x— xq) is the 2-dimensional Dirac delta function 
and g = det(<? a t,). Here and in what follows, the Greek 
indices stand for the spacetime coordinates (t,x a ). For 



Ax a , Ax a <C 1, we have 



J a (x) 



qAx a d a 8 2 (x — xq) 
-= < 

a{x) y / g{x) 



(2.5) 



where d a = d/dx a . The vector Ax a is defined at the 
point Xq and oriented in the direction from Xq to x\ . This 
vector is tangent to the geodesic defined with respect to 
the metric g a b and connecting the points Xq and a^Q 
Thus, one can write Ax a = |Aa; a | n a , where |Ax a | is the 
distance between Xq and x\ measured in the metric g a b 
and n a is a unit vector, n a n h g a b = 1- 
Let us consider the limit 



lim q\Ax a \=P. 

|Az a |-s-0 
q— > oo 



(2.6) 



such that P is a finite quantity. Then, we can define a 
pointlike dipole moment located at Xq as follows: 

p a (x ) = Pn a . (2.7) 

The 3-current of the pointlikc dipole reads 



ja/ % = p a {xo)d a 5 2 (x-x ) s<x 
a{x) x /g(x) 



(2. 



Note that according to our definitions, P = £IP and n a = 
f2 _1 n a , > 0, where P is defined in the metric S a b and 
n a h b S a b — 1. Thus, the pointlike dipole moment p a = 
Pn a = Ph a = p a is conformal invariant . 

To find the self-energy of any electric charge distribu- 
tion we begin with the electromagnetic field action 



/ = ~l(b J d3xa V9F aP F aP + J d 3 xa^A a J a 



(2.9) 



1 The vector Xq can, in principle, be defined at any point on the 
geodesic between and xj. In the limit all such 

definitions become equivalent. 



Here F a p = d a Ap — dpA a is the electromagnetic field 
tensor and A a is the 3-vector potential of the field. The 
Maxwell equations are 



(2.10) 



where the V a stands for the covariant derivative defined 
with respect to the 3-dimensional metric (|2.1[) . For a 
static source J a = SqJ° we can put A a = 0, then the 
Maxwell equations reduce to the form 



V a F 0a = 4ttJ° 



(2.11) 



which can be rewritten in terms of the vector potential 
A a = (Aq, 0) as follows: 



1 



a^/g 



d a (^ga- 1 g ab d b A )=4Kj 



(2.12) 



Using the static Green function of the Maxwell field 
(12 . 1 2[) one can write 



A (x) = -4n / d 2 x' a{x')^g{^)go (x,x')J (x') , 

(2.13) 

where the integral is taken over a 2-dimensional spacelike 
hypersurface E and the Green function Gqq solves the 
equation 



*V9 



d a { y /gor 1 g ab d b g< 



5 2 {x-x') 



(2.14) 



The energy of the electromagnetic field associated with 
the timelike Killing vector £ a = Sq is defined on a space- 
like 2-dimensional hypersurface E as follows: 

E = [ d 2 x^T aP n a ^ , (2.15) 

where n a = a~ l 5^ is the unit vector orthogonal to the 
hypersurface. The electromagnetic energy-momentum 
tensor is 

T afs = (^F aX Fp x - i g aP F Xl F x ^ , (2.16) 

and the self-energy of the electric dipole (|2.8p takes the 
form 

E = _L / d 2 xa- 1 ^g ab {d a A G ) (d b A ) , (2.17) 



where Aq is given by Eq. (|2.13[) . 

In what follows, we shall consider asymptotically flat 
static spacetimes of the form (|2.1[) . Such spacetimes may 
admit black-hole-like metrics with regular Killing hori- 
zons, where a = 0. Integrating by parts we present the 
integral in (|2.17p as an integral over the 2-dimcnsional 
space and a set of 1-dimcnsional integrals over the black 
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hole horizon boundaries lh and the boundary at the spa- 
tial infinity Z^, 

E=-^J^d 2 xa^A J° 

+ dlaa-^g^AodbAo (2.18) 

- J- / dl a cT 1 y /gg'*A a d b A . 
8n Jlu 

In 2 + 1 dimensions, contrary to the case of four and 
higher-dimensional spacetimes, the self-energy of point- 
like charges diverges at spatial infinity. Nevertheless, the 
self-energy of dipolcs in low-dimensional electrodynamics 
is well-defined and IR finite. So, in the case of dipoles 
the only important divergencies are of ultraviolet (UV) 
origin. Here we are focusing on the proper treatment of 
the UV divergencies for pointlikc sources. 

For the dipole source in an asymptotically flat (2 + 1)- 
dimcnsional spacetime the vector potential at the spatial 
infinity decreases as Aq ~ \x — where \x — x'\ is the 

proper distance between the points at x and x' . For this 
reason the surface integrals at loo vanish. The potential 
Ao is constant on a black hole horizon. In this case the 
surface integrals at lh are proportional to this constant 
and to the total charge of the black hole, Qh, 

[ dl a a- 1 ^gg ab d b A =4Tr [ d 2 x a^g J°(x) = 4nQ h . 
Ji h Js 

(2.19) 

We consider the problem when the only charges are re- 
lated to dipole in question and all black holes are neu- 
tral, i.e., Qh = 0. In this case all the surface integrals at 
lh vanish as well. Then, usingthe expression (|2.13l) we 
present Eq. (|2.18p in the form |2j 

E = 2ir / d 2 x d 2 x' a(x)y/ g(x)a(x')y // g(x') 

x J°{x)Q m {x,x') J°(x'). (2-20) 

Following to the lines of the paper we introduce a 
new field variable i/j such that 

A Q = -a 1/2 ^. (2.21) 

which satisfies the equation 

e>V' = -47rj, = A + V. (2.22) 

Here A is the 2-dimensional Laplace-Bcltrami operator 
defined with respect to the metric g a b, V is the potential, 
and j is the effective scalar charge density, 

V = -a^Ador 1 ' 3 ) , j = a 3 / 2 J°. (2.23) 

The field ip is chosen in such a way that the operator O 
is self-adjoint in the space with the metric g a b- 

In terms of the Green function of the operator (|2.22|) 
we obtain 

ip(x)=4irj d 2 x yjg{x')g{x 1 x')j{x). (2.24) 



The Green function Q solves the following equation: 

S 2 (x - x') 

(A + V)G(x, x') = K —— -i . (2.25) 

The Green functions Q and (Joo are related to each other 
as follows: 

g o(x,x') = a 1 ^(x)a 1 ^(x')g(x,x') (2.26) 
and the energy functional (|2.20p can be written as 

E = 2tt j d 2 x d 2 x' \fgjx)\/g{x') j(x) Q(x, x') j(x') . 

(2.27) 

Similarly to the case of electric charges in higher- 
dimension Q the self-energy functional for the energy 
of charge distributions in 2 + 1 dimensions is invariant 
under the following transformations of the metric (|2.1I) . 
the field ip, and the effective scalar charge density j: 

g ab = VL 2 g ab , a = a, ip = $ , j = fl~ 2 j ■ (2.28) 

From the point of view of a field theory on a 2- 
dimensional spatial slice, this symmetry is just the sym- 
metry under the conformal transformation of the 2- 
dimensional metric g a b- Applying these transformations 
to the operator O we derive 

CV= {A + V)iJj = Q- 2 (A + V)$ , (2.29) 

where A is the 2-dimensional Laplace-Beltrami operator 
defined with respect to the flat metric g a b- Note that the 
symmetry transformations (|2.28|) are identical to those 
for the self-energy of a scalar charge [l[. This identity 
happens to be true in a 3-dimcnsional spacetime only. 
The invariance with respect to the transformations (|2.28[) 
describes the classical symmetry of the system. 

For a pointlike charge distributions, the classical func- 
tional (|2.17p diverges. The divergent part of the electro- 
magnetic energy can be recombincd with the contribu- 
tion of nonelectromagnetic fields, which are responsible 
for the stability of a charge distribution (in our case a 
dipole), and also contribute to its bare mass. After this 
renormalization one obtains the finite total mass. Note 
that in a generic case nonelectromagnetic fields do not 
respect the observed symmetry. This is the cause of an 
anomalous contribution to the self-energy of charge dis- 
tributions in curved spacetimes. To deal with the diver- 
gencies and to extract the anomalous terms we apply the 
regularization methods of quantum field theory [lH3j . In 
quantum field theory the fact that renormalization pro- 
cedure breaks some symmetries of the classical theory is 
the cause of appearance of conformal, chiral, and other 
anomalies. In our case, the same arguments are appli- 
cable to the renormalized self-energy of classical sources. 
For the same reason their self-energy acquires anomalous 
terms. In fact, one could try to regularize self-energy of 
charges in quantum field theory from the very beginning 
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and then apply the result to static charges, or, the other 
way around, apply quantum field theory regularization 
methods to classical static charge distributions. Both 
methods can be reduced to the regularization procedures 
of the Green functions in D and (D-l) dimensions cor- 
respondingly. As it was demonstrated in [ll[ these two 
regularization schemes eventually lead to the same re- 
sult. In higher dimensions the structure of divergencies 
becomes considerably more complicated than in D< 4 
(see, e.g., 0). 

All the traditional methods of UV regularization like 
point-splitting, zeta-function and dimensional regulariza- 
tions, proper time cutoff, Pauli-Villars, and other ap- 
proaches are applicable to the calculation of the self- 
energy. For our problem the most natural choice is to 
use the point-splitting regularization. 



III. RENORMALIZED SELF-ENERGY OF AN 
ELECTRIC POINTLIKE DIPOLE 

Using the expression (|2.8j) for the 3-current J a and the 
definition (|2.23p for j(x) the self-energy of the pointlikc 
dipole (|2.27p can be written as 

E(x ) = 2ttJ d 2 xd 2 x / S 2 {x-x )S 2 {x / -x ) (3.1) 
x p a {x Q )p b \x Q )[a 1 l 2 {x)a 1 ' 2 {x')g{x,x% ab , . 

Here, in accordance with our previous discussion, we pre- 
formed the integration by parts and ignored vanishing 
surface terms. Here and in what follows, the semicolon 
stands for the covariant derivative defined with respect 
to the metric g a b- 

The self-energy diverges due to pointlikc nature of elec- 
tric charges. In analogy with the calculation of the self- 
energy of an electric charge, we shall calculate the renor- 
malizcd self-energy of the electric dipole as follows: 



Eren(xo) = 2n d x d x 5 (x — xq)S (x — Xq) (3-2) 
x p a (xo)p b '(x )[a 1 / 2 (x)a 1 ^(x')g(x,x') Iee }, aV , 



where 



(d a a{x))(d b >a(x')) 



[a^{x)a^{x')g^U = ^/ 2 (x)a^') QleS 

+ 2aV*{l') {db ' a{x ' ))daGrcE + 2ai/ 2 lx) {daa ( x))db ' Qlcs 
+a 1/2 (x)a 1 / 2 (x')g i . ce . MI , (3.3) 

where for brevity we have dropped the arguments of g. 
Here C/ reg is the regularized Green function, 



<?re g = g — g<a- 



(3.4) 



and the diverging part g^w contains all the diverging 
terms appearing in g, d a g, db>g, and g. a b'- 



It should be noted that, in terms of the field ip (|2.21|) 
the self-energy (|2.17p 



8tt 



9^ + ^ 



dbip + ^-ip 



(3.5) 

has the form of a two-dimensional Euclidean action func- 
tional 



Ik = 



1 

8^ 



d 2 x y/gipOtfj + boundary terms . (3.6) 



The functional p.5[) is similar to the functional Eq.(2.7) 
of the paper [l[ , where we have studied the scalar charge 
distributions. The only difference is how interaction with 
the "dilaton" a enters the operator O. 

One can quantize this effective two-dimensional Eu- 
clidean field theory (|3.6[) . The quantum average 
(ip(x)ip(x')) over the Euclidean vacuum state |0) gives 
the Euclidean Green function G{x, x') 

(iP(x)iP(x'))=g(x,x'), (3.7) 

which corresponds to the operator O (see J2.22[) . (|2.25[l ) 

Og(x,x') = -5 2 (x,x'). (3.8) 

Using this relation between the Green function and the 
quantized field ip and subtracting divergencies we get 



g icg (x,x') = (tp(x)ip(x')) mn . 
Then we can present the self-energy as follows: 



(3.9) 



±p«p»'a., a a., b ,(^) ien 



E rcn (x ) = 2tt 

+ p a a ;a (ipp b 'ip ; b 
+ a{p a ip. a p h 'ip. b ^ 



(3.10) 



(x,x')— >x 



In this representation, one can use the regularization 
methods of quantum field theory. 

According to the expressions (|2.8[) and (|2.28[) , the 
Green function and the directional derivative p a d a are 
conformal invariant. Therefore, the nonrenorlmalized 
(ip 2 ), (p a ip- a ip), and (p°"ip-aP b ip\b) are conformal invari- 
ant as well. If we subtract the diverging parts of these 
expressions, in accordance with Q3.4p . this conformal in- 
variance gets broken. In order to restore the invariance, 
one should add an anomalous terms A(x), such that 

U 2 ) +A 1 = ($ 2 ) +l 1 =inv, 

\ T I ren \ T / ren 

(P a M) Ien + A 2 = (P a ^) rcn + A 2 = inv , (3.11) 

(p a t,a P %b) rcn + A 3 = ( P %aP b Tp;b) Ien + M = fav . 

The differences between the anomalous terms 

Bi = A 1 -A 1 = (i, 2 ) rcn -(4, 2 ) rcn , 

B 2 = A 2 -A 2 = ( P a ^) mi - (P a 4';a^) rcn , (3.12) 

B 3 = A 3 - A 3 = (p% a p% b ) ieii - (p a ^ a p b ^ b ) ron , 
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can be calculated as follows: 

B\ = (? reg — <?reg = {Gdiv — Gd\v)\x'^x , 
E>2 = p a (Grcg;a — Gicg;a) = p a {Gdiv;a — Gdiv;a) \x'-yx , 
B 3 = P a P b ' {g ieg;ab , - Grc g ;ab>) (3.13) 
= P a p b [Gdiv-ab' — Gdiv;ab')\x'->x ■ 



A. The Schwinger— DeWitt expansion of the Green 
function 



To calculate the diverging part Gdiv we use Schwinger- 
DeWitt expansion. We begin with the heat kernel ex- 
pansion for the operator O [sec Eq. (|2.22l) ] and define the 
heat kernel JC(s\x,x') as a solution of the equation 



0) we use the covariant expansions of A 1 / 2 , at, a ; b>, and 
a-ab' (see [3 EH)- The expansions of the sufficient order 
are given in the Appendix. Keeping the diverging and 
zero-order terms we derive 



Sdiv = -^(ln(a/2) + 2 7 ) , 



(3.20) 



r — a 
Ana 



Gdiv;ab' — > 9b G, 



diviafe' — 



Gdiv-b 
1 

-in 



(?b 



9b Gd iV ;b, = J—, 

Ro a Ob 



9ab Va&b 



U 



12a 



Rg a b Va a a b Vg a b 



2(7 



(ln(a/2) + 2 7 ) 



as 



K.(s\x, x') 



5 2 {x-x') 
V9 



5(s) 



(3.14) 



where we introduced the mass term m 2 . Then, the Green 
function G is calculated as [cf. Eq. (|2.25|) ] 



IV. SELF-ENERGY ANOMALY 

The nonrcnormalized self-energy functional (|3.1|) is in- 
variant under spatial conformal transformations (|2.28p . 
According to the expressions (|3.10p and p. lip , a subtrac- 
tion of its diverging part breaks the invariance. There is 
the corresponding self-energy anomaly term which allows 
to restore the broken invariance as follows: 



G(x,x') 



lim 

m 2 ->0 



dslC(s\x, x ) . 



(3.15) 



A = E rcn + A = inv . 



(4.1) 



The divergent terms of G which define Gdiv are de- 
termined by the behavior of the heat kernel at suffi- 
ciently small s and can be found by using the standard 
Schwinger-DeWitt expansion 



In accordance with (|3. 10[) and (|3.12l) . we can define the 
self-energy anomaly, AE rcn , as 



AE IC 



A^ 2 (x,x') 
K,(s\x, x ) = exp 



Airs 

oo 

x ^2a k (x,x')s k . 

k=0 



<j(x, x') 
2s 



m 2 s 



= 2ir 



A — A = E, 

{p Cl U;a) 



rcn 
2 



E le 



ia 



Bi + p a a ;a B 2 + aB 3 



(4.2) 



(3.16) 



where A 1 ^ 2 (x, x') is the Van Vleck-Morette determinant, 
which satisfies the following relation (er ;a = a a ): 



To calculate the self-energy anomaly we use the relations 
between a and tr in the limit x' — > x (see Appendix A of 
1) 



n 2 a, 



n 2 a n 



2A 1/2 = 2A 1/2 a a a + A 1/2 a a , a , (3.17) Evaluating the integral! 



er = (l/2)a a <j a is one- half of the square of the proper dis- 
tance between x and x' measured in the metric g a b, and 
afc's are the Schwinger-DeWitt coefficients for the oper- 
ator O. In the limit m 2 —> they satisfy the following 
relation: 

<j a a k+1 . a + (k + l)a k+1 = A±/2 ' '- + Va k , (3.18) 

where oo = 1. 

Taking the limit m 2 — > and neglecting the mass scale 
terms ln(m 2 ) we derive the sought diverging part of the 
Green function 



On a" 



d 2 xd 2 x'5 2 (x — xo)5 2 (x' — xq)—_ 



(4.3) 



(4.4) 



we derive from Eq. (|3.20p 
1 



By 



2vr 



ln(fi) , B 2 = , 



B 3 =p a p b g ab ^ f|-^ln(fi)) 



(4.5) 



Gdi 



AV2 
8tt 



[(oio- - 2)(ln(a/2) + 2 7 ) - a 1( x] , (3.19) 



where 7 « 0.57722 is Euler's constant. To calculate G, 
d a G-, db'G, and G-ab' in the coincidence limit x' — > x (er — ¥ 



2 The delta functions in this integral should be understood as the 
limit of a smeared localized distribution. For example one can 
consider S 2 (x — xq) — > S(\x — xq | 2 — e 2 )/-K, which is a distribution 
over a circle of a small radius e. Performing integration at first 
and then taking the limit e — y one can reproduce the formula 
i fOt . 
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Then, the self-energy anomaly is 



{P a a;af 

4a 



ln(fi) , 
(4.6) 



where the Ricci scalar R corresponding to the metric g a b 
is expressed as follows: 



answer for the dipole self-energy explicitly for generic ul- 
trastatic (2 + l)-dimensional spacetimes. 
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R 



(4.7) 



Ultrastatic 3D spacetimes are especially interesting, 
since they naturally appear as effective geometries for 
excitations in a variety of condensed matter systems. Us- 
ing the expression (|4.6[) one can easily calculate the self- 
energy of a pointlike dipole in an ultrastatic spacetime 
a = 1, 



-Ercn = --^P°"Pa 



CONCLUSIONS 



(4.8) 



In this paper, we demonstrated on the example of a 
three-dimensional static spacetime that the renormal- 
ized self-energy of a pointlike electric dipole in a static 
odd-dimensional spacetime contains an anomaly contri- 
bution. Note that this is quite general property and 
within our considerations we did not require that a three- 
dimensional static spacetime satisfies the Einstein equa- 
tions. We calculated explicitly this anomaly in a three- 
dimensional static spacetime. In ultrastatic spacetimes 
the anomaly accounts for the whole effect for the self- 
energy (self-mass) correction of an electric dipole. In 
this case the self-energy correction proves to depend on 
the geometry of the two-dimensional space and is pro- 
portional to its scalar curvature. 

It is remarkable that a solution of the rather old clas- 
sical problem of the self-energy can be reduced to the 
problem of Euclidean quantum field theory in the space 
of the codimension one. Using the methods of quantum 
field theory we are able to perform calculations of the 
classical self-energy of a very generic setup of the system 
of charges. 

On can expect that the renormalized value of the self- 
energy does not depend on the details of the regular- 
ization scheme |13| . In 2 + 1 dimensions the problem 



of self-energy is reduced to the effective quantum the- 
ory in a genetic two-dimensional space. But any two- 
dimensional space is conformally flat and the transfor- 
mations (|2.28p relate an ultrastatic (2 + l)-dimensional 
spacetime to flat one. This is why one can obtain an 



Appendix A: Covariant expansions of the bitensor 
quantities 

Covariant expansions of bitensor quantities defined at 
the points x and x' in terms of functions at x and the 
tangent vector a a = & ,a are done by transforming them 
into tensor quantities at x, with the aid of the bivector 
q n a and the subsequent expansion (for details see, e.g., 

&:ab' — > 9b a :ab' = ~9ab — g^aeM^O^ 



-y^tiacbd-^ & & 



A 1 / 2 = I + ±-R ab <J a a b - ^-R ab ;c<J a <J b a 



12 



24 



A 1/2 ;a = \RabV b - ^(2i?a6;c - Rbc-^l 



24 s 



A 1/2 . „ b' a 1/2 1 n 

A -M -> 9b A \b> = --^Rbc<? 

+ ^(2R b c;d + Rcd;b)(J C Cr d + ... , 

Al/2 , „ b' A 1/2 _ 1 n 

A -ab' — > 9b A :ab< — -fttab 



(Al) 



6 



1 



^{Rab-c + Rac-b — Rbc;a)& + ••• 7 

Ol = \R + V - ^R;a(T a - \v., a CT a + ... , 
12 I 

Ol;a = J^ R ;a + \ V \a + ••■ , 

ai-.b' -> 9b a i;b' = J^ R > b + \ V - b + ••• ' 

Here R a bcd, Rab, and R are the Riemann tensor, the Ricci 
tensor, and the Ricci scalar defined with respect to the 
2-dimcnsional metric g a b- Note that in a 2-dimensional 
space (see, e.g., flfj| |) 

1 



Rabcd — y{9ac9bd ~ 9ad9bc)R , 
Rab = -^9abR ■ 



(A2) 
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